We describe the use of a Wigner distribution function approach for exploring the problem of extending the depth of field in a hybrid imaging system. The Wigner distribution function, in connection with the phase-space curve that formulates a joint phase-space description of an optical field, is employed as a tool to display and characterize the evolving behavior of the amplitude point spread function as a wave propagating along the optical axis. It provides a comprehensive exhibition of the characteristics for the hybrid imaging system in extending the depth of field from both wave optics and geometrical optics. We use it to analyze several well-known optical designs in extending the depth of field from a new viewpoint. The relationships between this approach and the earlier ambiguity function approach are also briefly investigated.
Introduction
The extension of the depth of field (DOF) is valuable in optical imaging systems, e.g., fluorescence microscopy and digital photography, for which both high lateral resolution and high DOF are useful. Many attempts have been made to achieve an extended DOF involving the use of an absorptive mask in the pupil aperture (i.e., apodization). [1] [2] [3] [4] [5] [6] However, recent trends in this field show that the hybrid opticaldigital imaging system seems more popular. 7, 8 This hybrid imaging system combines a modified optical imaging system and digital postprocessing step. The modified optical imaging system is accomplished by inserting a pure phase plate into an ordinary optical imaging system at the pupil plane that modified the optics to produce an intermediate image with certain enhanced characteristics. Digital processing is required to restore the final image from the encoded intermediate image. For the purpose of extending the DOF, Dowski and Cathey 9 first proposed using a cubic phase plate to encode the images to be invariant to defocus, and later Castro and Ojeda-Castañeda 10 extended this concept to a higher-order case. Their mathematical tools for designing the form of the phase plates and inspecting the performance of all such optical components to extend the DOF are mainly the ambiguity function (AF), a joint phase-space representation. (The term "phase-space" denotes the domain with both space and spatial-frequency variables as coordinates, or equivalently, with both the position and the direction variables as coordinates.) Sherif et al. 11 used a pure spatial domain approach to design what was referred to as a logarithmic phase plate to produce a point-spread function (PSF) that was insensitive to defocus. Although these approaches are sufficient to explain how such a modified optical imaging system can extend the DOF, in this paper we turn to the use another phase-space representation, namely, the Wigner distribution function (WDF), to detail the imaging properties of the modified optical systems. We expect that this phase-space analysis will provide some new insight into the imaging procedure.
In fact, the WDF has previously found many successful applications in classical wave optics as well as in geometrical optics. [12] [13] [14] [15] [16] [17] It describes an optical signal in space and the spatial frequency domain, simultaneously. This joint phase-space description of an optical signal resembles the ray concept in geometrical optics, in which the WDF can be considered as the quasi-amplitude of an optical ray propagating through a certain position with certain direction. On the other hand, an ordinary optical system modified by a thin phase plate usually can be well described by both diffraction optics and ray geometry. Therefore the WDF is suitable for use as a tool to characterize such an optical imaging system.
Basic Theory
For clarity we restrict our discussion to a onedimensional optical system, for the reason that hybrid imaging systems used to extend the DOF usually adopt a rectangular aperture and a separable phase pupil function in two independent directions. The modified optical imaging system shown in Fig. 1 is an ordinary optical imaging system customized by placing a pure phase plate at the exit pupil plane. The phase plate introduces an additional phase deviation for the incident wavefront. Assuming that the width of the aperture is 2a, we can then count this phase deviation, ͑͞a͒, into the normalized pupil function, p͑͞a͒, i.e.,
where is the light wavelength. According to paraxial Fresnel theory, the incoherent out-of-focus PSF measured from the geometric focus can be represented in the form
where we have neglected the constant factor in the intensity distribution. By expressing the modulus squared in Eq. (2) as the product of two integrals (with integration variables u 1 and u 2 ), and by considering the center and difference coordinates u ϭ ͑u 1 ϩ u 2 ͒͞2, and uЈ ϭ u 1 Ϫ u 2 , the out-of-focus PSF can be rewritten as
The inner integration that occurred in Eq. (3) is recognized as a WDF, which is defined by
From Eqs. (3) and (4), we can express the out-of-focus PSF of an incoherent optical system as
where x ϭ ax ͓͑f ϩ z͔͒ Ϫ1 and ͑z͒ ϭ a
are the reduced image coordinate and the defocus coefficient in units of wavelength, respectively. Equation (5) shows that all the value of the out-of-focus PSF |h͑x, z͒| 2 for every spatial variable x at every out-of-focus imaging plane z can be obtained from an integral of the WDF W p ͑u, v͒ along the straight line v ϭ x Ϫ 2͑z͒u in the phase-space plane. The slope Ϫ2͑z͒ and the v-intersect x of this integration line are all determined by the location of imaging plane z. That is, the incoherent out-of-focus PSF |h͑x, z͒| 2 is 
Comparing Eq. (5) with Eq. (6), it is not difficult to find that the WDF W h ͓u, v͔ is simply the shearing of the WDF W p ͓u, v͔ along the v axis direction, and the amount of shearing is given by 2͑z͒. The sketch map of this geometry is shown in Fig. 2 . It can be seen that we have two equivalent approaches to compute the out-of-focus PSF: one is to project the WDF of the pupil function onto a line at a particular angle directly; another method, however, is to first manipulate a shearing operator to the WDF of the pupil function and then to project it to the v axis. Although the latter method needs two steps of manipulation, it is more convenient than the first one in some cases.
Extending Depth of Field

A. Geometry of the Modified Optical System
Before starting the discussion of extending the DOF, let us first consider some geometric properties of the modified optical system shown in Fig. 1 . An on-axis source point, in the absence of the phase plate, forms a Gaussian image at xЈ ϭ 0 in the in-focus imaging plane. When a thin phase plate is inserted adjacent to the lens, the incident ray that passes through the pupil at point u is then diverted according to the phase perturbation ͑u͒ of this phase plate so that it no longer intersects the in-focus image plane at point xЈ ϭ 0 but rather at point xЈ Ӎ f tan͓͑u͔͒. From the geometric theory of aberrations, the deflective angle, ͑u͒, of this ray is given by
Equation (7) defines a family of rays in which the position and direction of each of these rays correspond to a point ͓u, v ϭ Ј͑u͔͒ in the phase-space plane, and together these points form the phasespace curve (PSC) that evolves under propagation. This PSC plays an important role in describing the imaging behavior of such an optical system. For an optical system with extended DOF, the PSF should be invariant with defocus. A PSF that does not vary for all defocus aberrations indicates that it must satisfy the axial symmetry condition, i.e., |h͑x, Ϫ z͒| 2 ϭ |h͑x, z͒|
2
. This condition requires that the phase perturbation ͑u͒ of the phase plate be odd symmetric. 11 This may also be interpreted from the picture of the rays. For an odd-symmetric phase function ͑u͒, the PSC Ј͑u͒ is even-symmetric, which means that the two rays that passed through the pupil at the symmetric points Ϯu still intersect each other at the in-focus plane (see Fig. 19 below) . In contrast, an even-symmetric phase function ͑u͒ always shifts the location of the focal plane for each ray with a varying amount, and thus destroys the axial symmetry condition.
B. Phase-Space Analysis of Extending Depth of Field
Since the WDF of the system's pupil function is related to the imaging-quality parameter function, say the PSF, it is convenient to use it to display and inspect the imaging behavior of an optical system. For comparison purposes we consider first an ordinary optical imaging system with a rectangularly clear pupil. The WDF of this pupil function and its sheared version are shown in Fig. 3 . According to the theory presented in Section 2, these two representations correspond to the WDFs of the amplitude PSF at the in-focus and out-of-focus image plane, respectively. Since no extra phase deviation is to be introduced, the PSC of such a system becomes a straight line v ϭ 0 at the in-focus plane and evolves in a shearing manner under propagation. It manifests that the WDF of the optical field mainly concentrates its energy about the PSC (the mini ripples far from the PSC are the result of light diffraction due to finite aperture size) and extends the energy to a large depth in the v axis direction as it shears along the same direction. This can also be seen from the picture of the rays shown in Fig. 4 , in which the rays of a point source are focused on its Gaussian imaging point and diverges rapidly. As the results show in Fig.  5 , the projection of the sheared WDF gives a more extended PSF than that of the original. It follows that the ordinary optical imaging system is highly sensitive to focus errors, which leads to a quite narrow DOF.
To extend the DOF, a phase plate is introduced to modify the optics, expecting to make the system insensitive to defocus. The incoherent wavefront striking on the pupil plane is then modulated by the phase plate. When geometrical optics are assumed (i.e., → 0), the wavefront modulated by the phase pupil function can be regarded as a high-frequency field. The asymptotic behavior of the WDF for a highfrequency field has been revealed in Ref. 18 , and we give a brief review of it in Appendix A. As is shown, for a high-frequency field with a phase part that is odd-symmetric and where the curvature of its derivative (i.e., the PSC) has no change of sign, we can use Eqs. (A2) and (A7) to infer the asymptotic behavior of the WDF for this field. The geometric interpretations of these two equations show that the basic form of the approximated WDF for a high-frequency field is determined totally by the PSC. The variation of the shape of the PSC brings the same fashion of variation for the shape of the WDF, hence we take only the PSC as a representative to analyze the transformation of the entire WDF. It is known that the propagation of a field in free space corresponds to a linear shearing of the WDF along the space coordinate direction in the phase-space domain. The shearing of the WDF produces a new PSC on which a linear term is added, i.e., v ϭ Ј͑u͒ ϩ 2͑z͒u. Generally speaking, this linear term has the effect on the original PSC that not only changes its shape but also shifts its location in the phase-space plane. These changes of the PSC lead to a redistribution of the energy of the WDF and consequently bring a totally different PSF compared with the original one. However, if a high-order ͑Ն2͒ phase pupil function is designed in such a manner that the higher-order component of the PSC dominates the linear term, or in other words, the PSC is robust enough to resist the shearing operator, the two changes made on the PSC and the WDF are not so outstanding in this situation. It follows that the projection of the WDF gives a uniform PSF that is insensitive to defocus, and an extended DOF is then achieved. To give a further elucidation of this method in application of the analysis for extending the DOF, we offer several examples of designing a phase plate for extending DOF in the following subsection.
C. Examples
Consider the odd-symmetric phase family
where n is a positive integer, ␣ is the parameter that controls the maximum phase deviation, and sgn(u) is the signum function. The PSC associated with this family of phase function can be written as
and the sheared version of this PSC is
where the PSC has values only in the range of u ʦ ͓Ϫ1, ϩ1͔. It is apparent that the PSC does not change its shape during shearing only when order n ϭ 3. In this situation, the PSC is a parabola so that the added linear term entirely shifts the PSC in the phasespace plane, and the amount of the displacement is ͑z͒͞3␣ in the u axis direction and ͓͑z͔͒ 2 ͞3␣ in the v axis direction. This may be seen directly from the drawing of the gray-scale picture of the WDF of a cubic phase function and the corresponding sheared version in Fig. 6 . It is obvious that the forms of these two WDFs are basically uniform apart from a slight disagreement of their locations in the phase-space plane. As is illustrated in Fig. 7 , the out-of-focus and the in-focus PSFs obtained from the projection of these two WDFs therefore retain a similar distribution except for a lateral shift of the image plane. The small disagreement of the tail end of the PSF is due mainly to the finite aperture size for any practical optical system so that the shift of the WDF along the u axis direction destroys the symmetry of the sheared WDF in the confined bound ͓Ϫ1, ϩ1͔. The movement of the WDF caused by the increased defocus is unwelcome as it will decrease the performance of an optical system in extending the DOF. Fortunately, this effect can be reduced to a minuscule amount by increasing parameter ␣ in a practical optical design.
We continue to investigate the higher-order case by using our proposed method. For comparison, the maximum phase deviation and the defocus coefficient are all chosen to have the same value (e.g., ␣ ϭ 6 and ͑z͒ ϭ 5). The WDFs and the corresponding sheared versions of the pupil function with a quartic and quintic phase part are shown in Figs. 8 and 9 , respectively. It can be seen that the shearing of these kinds of WDF not only cause a shift in the phase-space plane but also produces a distortion for the shape of these WDFs. The higher the order of the phase function, the more severe the distortion of the sheared WDF. As shown in Figs. 10 and 11 , the difference between the in-focus PSF and the out-of-focus PSF for these two optical systems is more apparent compared with the previous one, especially in their maximum intensity. The faster decay of the maximum irradiance with defocus rapidly decreases the visibility of the images in the out-of-focus plane; this means that these higher-order phase plates exhibit relatively lower performance in extending the DOF compared with a cubic one.
Another excellent phase plate for extending the DOF is referred to as the logarithmic phase plate, 11 its functional form is mathematically written as
where the constants ␣, ␤, and ␥ are all parameters that control the shape of the phase plate. It has been proved that by using a stationary-phase approach the incoherent PSF of the optical system modified by this kind of phase plate is invariant to defocus. This can also be evidenced from the following phase-space analysis. According to the theory presented above, the PSC of this modified optical system is given by the first-order derivative of the phase pupil function ͑u͒, i.e.,
and the sheared version is Note that, for a large enough parameter ␣ [i.e., ␣ Ͼ Ͼ ͑z͒], the PSC changes little as it shears, as does the WDF as shown in Fig. 12 . Similarly, the shearing effect introduces a shift for the WDF in the phasespace plane and consequently causes the out-of-focus PSF to be shifted slightly compared with the in-focus one. The difference in the tail ends of the two PSFs shown in Fig. 13 is caused by the same reason as that for the cubic-phase function. It was proved in Ref. 11 that this logarithmic phase plate exhibits a similar performance in extending the DOF as that of the cubic phase plate.
Relationships between the Wigner Distribution Function Approach and the Ambiguity Function Approach
The intensity distribution of an optical field at different imaging planes represented in Eq. (5) is actually a Radon-Wigner transform (RWT) of the pupil function. 19 With the use of the variable substitutions u ϭ uЈ cos Ϫ vЈ sin and v ϭ uЈ sin ϩ vЈ cos in Eq. (5), we have
where the new variables are defined by ϭ cot Ϫ1 ͓2͑z͔͒ and uЈ ϭ x sin . Since the RWT of an optical signal is the squared modulus of its fractional Fourier transform (FRT), 19 we obtain
Equation (15) shows the close relationship between the Fresnel diffraction and the FRT in a first-order system. The fractional order , determined by the distance of image plane z, is the angle of the WDF rotation in the phase-space plane. Particularly, when ϭ ͞2, the in-focus plane corresponds to a conventional Fourier transform (FT). Now we consider the generalized optical transfer function (OTF) H͑u, z͒ in the spatial-frequency domain by performing a FT of Eq. (15):
It is recognized that the right-hand side of Eq. (16) is the AF of the pupil function represented in quasipolar coordinate 20 A p ͑R, ͒; thus we have 
where R ϭ u͞sin and ϭ Ϫ ͞2. From Eq. (14) to Eq. (17), we find another way to show the use of the AF as a polar display of the OTFs with varying focus errors. 21 For an extended DOF optical imaging system, it is required that the AF of the pupil function have a broad range of angles in which the values along the radial lines through the origin of the AF are nearly uniform for any possible angles. This is the basic principle of using the AF to design the phase plate and to inspect the performance of this optical component in extending the DOF in the literature. The WDF approach and the AF approach in an application to extend the DOF, as the relationships we have shown here, are inherently identical with each other, but in different presentational ways. 22 
Conclusion
We have described a WDF approach to analyzing an optical imaging system modified by a phase plate at the exit pupil plane to extend the DOF. The WDF in connection with the PSC formulates a joint phasespace description of an optical field, and they are employed here as tools to display and characterize the evolving behavior of the amplitude PSF as a wave propagating along the optical axis. It is convenient to observe the invariance properties of the incoherent PSF with varying defocus for an optical imaging system with extended DOF by projecting the corresponding WDF. We have successfully applied this concept to explain several well-known optical designs in extending the DOF. The phase-space analysis method presented in this paper may also be valuable for those optical systems in which the phase of the wavefront is modulated by certain optical components.
Appendix A. Asymptotic Behavior of the Wigner Distribution Function
Using Eq. (4), the WDF of the pupil function defined in Eq. (1) can be written as
and, for small , this integral can be approximated by using the stationary-phase method. 23, 24 This method states that the significant contributions to the integral occur at the stationary point uЈ ϭ u s Ј, where the gradient of the exponential phase term vanishes:
Since the expression on the right-hand side of Eq. (A2) is an even function of u s Ј, the stationary points always come in pairs, namely, at uЈ ϭ Ϯu s Ј, where u s Ј is any one solution. Following directly from the stationary phase method and the assumption that the PSC does not change the sign of its curvature, the WDF in Eq. (A1) can be estimated by
where ⌽ ϭ ͑u ϩ u s Ј͞2͒ Ϫ ͑u Ϫ u s Ј͞2͒ Ϫ u s Јv, and ϭ sgn͓Љ͑u ϩ u s Ј͞2͒ Ϫ Љ͑u Ϫ u s Ј͞2͔͒. The approximation represented in Eq. (A3) is valid only for a WDF far from the PSC v ϭ Ј͑u͒, i.e., u s Ј 0. A WDF near the PSC needs to be reconsidered carefully. Note that as u s = approaches zero, Eq. (A2) can be expanded to approximately u s Ј ϭ 0
where ␦ ϭ v Ϫ Ј͑u͒, is a small real number. The phase term ⌽ and the denominator term in Eq. (A3) can also be expanded by approximately u s Ј ϭ 0, i.e., 
The form of this WDF can be appreciated from the sketch of the Airy function shown in Fig. 14 and from its gray-scale picture shown in Fig. 15 . As can be seen, the WDF decays monotonically on the convex side of the PSC and oscillates on the concave side of the PSC.
In fact, from the geometric interpretation of Eq. (A2) sketched in Fig. 16 , the WDF at any point, ͑u , v ͒ on the concave side of the PSC can be determined from two points on the PSC, say, ͓u 1 ϭ u ϩ u s Ј͞2,Ј͑u 1 ͔͒ and ͓u 2 ϭ u Ϫ u s Ј͞2, Ј͑u 2 ͔͒, that satisfy ͑u , v ͒ ϭ ͕͑u 1 ϩ u 2 ͒͞2, ͓Ј͑u 1 ͒ ϩ Ј͑u 2 ͔͒͞2͖. That is, the point of evaluation of the WDF is midway along the secant of two points on the PSC. Consider the trajectory described by ͑u , v ͒ when u 1 is fixed and u 2 varies, or u 2 is fixed and u 1 varies. As shown in Fig. 17 , this trajectory corresponds to a half-scale replica of the PSC. It turns out that the replica crosses any point in phase space an even number of times. A useful picture is obtained when a dense sample of these replicas is plotted as shown in Fig. 18 . When an appropriate sampling density is to be made, the area element in the phase-space plane that is enclosed by these two replicas and by their neighbors corresponds to the reciprocal square of the amplitude factor of the WDF in Eq. (A3) at this region. On the other hand, the cosine factor in Eq. (A3) is the cause of the characteristic ripples of the WDF. As shown in Fig. (16) , the phase term ⌽ can be interpreted as a phase-space area enclosed by the PSC and a straight-line segment joining ͓u 1 , Ј͑u 1 ͔͒ and ͓u 2 , Ј͑u 2 ͔͒. With this, the ripples of the WDF at point ͑u , v ͒ are therefore locally parallel to this straight line.
The connection between the asymptotic behavior of the WDF and the modified optical system can be seen from the complete picture of the rays of such a system depicted in Fig. 19 . The replicas in Fig. 18 resemble rays that depart from the pupil plane. Well into the concave side of the PSC, the oscillatory form given by Eq. (A3) resembles the interference of two wave fields, each associated with one of the two families of rays that intersect in that region. The PSC, which is an envelope of the replicas, is then analogous to a Fig. 16 . Geometric interpretation of the stationary phase equation given by Eq. (A2). Fig. 17 . Half-scale replica of the PSC described by ͑u , v ͒ when u 1 is fixed and u 2 varies, or u 2 is fixed and u 1 varies. Fig. 18 . Superposition of a half-scale replica of the PSC, for which the PSC (shown as a thick curve) is an envelope, and the phasespace-area element (shown as a shadow) enclosed by two pairs of neighboring replicas is proportional to the reciprocal square of the amplitude factor of the WDF in Eq. (A3) at this region. Fig. 19 . Exaggerated picture of the rays of an optical imaging system modified by a phase plate with an odd-symmetric form.
caustic. Like Eq. (A7), the field near a caustic (where the density of the rays diverges) has the transverse profile of an Airy function.
